In this note we prove that if M is a 3-manifold and ' t : M ! M is a C 2 , volume-preserving Anosov ow, then the time-1 map ' 1 is stably ergodic if and only if ' t is not a suspension of an Anosov di eomorphism.
Introduction
A volume-preserving di eomorphism is stably ergodic if it and all su ciently C 2 -close volume-preserving di eomorphisms are ergodic. Until recently, the only known examples were hyperbolic | namely Anosov di eomorphisms 1]. Grayson, Pugh and Shub found the rst example of a nonhyperbolic stably ergodic di eomorphism. They proved in 4] that if S is a surface of constant negative curvature and ' t is the geodesic ow on the unit tangent bundle of S, then the time-1 map ' 1 is stably ergodic (with respect to Liouville measure).
Wilkinson later generalized this result to the case where S has variable negative curvature 14]. Pugh and Shub proved it for higher dimensional manifolds of constant, or nearly constant, negative curvature 11] . In all of these examples, ' 1 is the time-1 map of an Anosov ow. It is not true, however, that every volume-preserving Anosov ow has a stably ergodic time-1 map: the time-1 map for a suspension of an Anosov di eomorphism is not even ergodic. More generally the time-t 0 map of a special ow under a constant height function with value h 0 cannot be ergodic if t 0 and h 0 are rationally related. It follows that the time-1 map for a special ow constructed from an Anosov di eomorphism under a constant height function is never stably ergodic (although it will be ergodic if the suspension height is irrational and the di eomorphism is volume preserving). This paper shows that, in dimension 3 at least, such special ows give the only examples of volume preserving Anosov ows whose time-1 maps are not stably ergodic. We prove: Theorem 1.1 Let 2) in the case of a contact Anosov ow. Their result motivated the present paper and their argument is an important step in our proof; see Proposition 3.4 and the subsequent remarks. We would like to thank Viorel Nit ic a for explaining this argument to us. Section 3 contains the proof of a slightly generalized version of Theorem 1.3. In Section 4 we give the proof of Theorem 1.1 and also discuss what can be said for Anosov ows in higher dimensions. The di culty in higher dimensions is that it is not known whether a topologically mixing ow must satisfy the hypothesis of Theorem 1.3. We do, however, have the following result, whose proof is outlined at the end of Section 4. We do not know whether Corollary 1.5 is true when \K-system" is replaced by \Bernoulli." The arguments for showing that a partition is very weak Bernoulli in 8] break down when the restriction of the dynamical system to the center foliation exhibits any nontrivial dynamical behavior. When ' 1 is perturbed, sources and sinks, among other things, can develop on the new center foliation.
Structure of the Proof
We take the approach of a recent paper by Pugh and Shub 11] . The general structure of their argument goes back to Hopf 5] and it shares some features with the arguments in a paper of Brin and Pesin 2]. It applies to many di eomorphisms that have stable and unstable foliations.
Here is a rough sketch of the argument: the leaves of the stable and unstable foliations of the di eomorphism stratify, respectively, the asymptotic past and future behavior of its iterates. The Birkho Ergodic Theorem implies that the past and future behavior are, in a measure-theoretic sense, the same.
Given a point p, the stable and unstable manifolds through p thus have the same asymptotic behavior. In fact all points that are connected to p by a chain of stable and unstable manifold segments have the same asymptotic behavior. If all points have the same asymptotic behavior, then the di eomorphism is ergodic.
When the stable and unstable manifolds are transverse, as with an Anosov di eomorphism, the density of a single unstable leaf implies that all points can be connected to p by such a chain. When they are not transverse, which is our situation, we must prove there is always such a chain. For the time-1 map of the suspension of an Anosov di eomorphism, such chains only exist for pairs of points that are at the same height above the base. This paper is devoted to proving that chains always exist in the non-suspension case, a property we call u; s-transitivity.
The assertions in the argument above are really only correct almost everywhere, a fact which introduces serious technical complications. This is one of the reasons it was 30 years from the time Hopf proved that the geodesic ow of a hyperbolic surface is ergodic before Anosov generalized the result to higher dimensional manifolds with variable negative curvature. This also accounts for several of the technical hypotheses in We now show that if ' t is a volume-preserving Anosov ow on a compact three dimensional manifold, then ' 1 satis es partial hyperbolicity, dynamical coherence, and su cient bunching. It is evident from the above equation and (4) that the inequalities in Proposition 2.2 hold for any < 1 if we use the adapted metric. If we now x an acceptable < 1, these inequalities will still hold for our chosen and any smooth metric that is close enough to the adapted metric.
Partial hyperbolicity is stable under C The only condition left to consider is u; s-transitivity. We say that g is u; s-transitive if any two points can be joined by a u; s-path. As we explained in the introduction, such a path is the concatenation of a nite number arcs, each of which lies in a single leaf of either the stable or the unstable foliation for g. 
Engul ng
In this section we shall give criteria for a di eomorphism to be stably u; s- De nition: A compact set K can be F 1 ; F 2 -engulfed from a point p 0 if we can nd a neighborhood U of K such that the pair (U; U n K) has the homotopy type of (R 2. There is a constant N such that every path x has at most N legs. The reader should picture K as a small ball sitting in the middle of a larger ball U and visualize an n parameter set of F 1 ; F 2 -paths spreading out from p 0 and terminating on a set of points whose boundary is a sphere that lies in U and surrounds K.
Here are some obvious properties of engul ng.
1. If K can be F 1 ; F 2 -engulfed from p 0 , then every point in K can be reached from p 0 along an F 1 ; F 2 -path with at most N legs.
2. If every F 1 leaf passes through K, then every point of M can be reached from p 0 along an F 1 ; F 2 -path with at most N + 1 legs. Any point can be reached from any other along a F 1 ; F 2 -path with at most 2(N + 1) legs, by moving to p 0 from the rst point via the set K and then moving back out to the second point. Combining the preceding lemma and the earlier observations gives us the following criterion for transitivity. 
